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Abstract—Multichannel interleaving makes it possible to
use small inductances to improve voltage regulator modules’
(VRMs) transient responses. However, smaller inductances reduce
efficiency. Analysis shows that the transient responses are not only
determined by the inductances but also the control bandwidths.
This paper presents the concept of critical inductance in VRM.
Critical inductance is the largest inductance that gives the fastest
transient responses. Critical inductance is a good reference for
optimal VRM design. Critical inductance is a function of the
feedback control, the step current magnitude and the steady-state
operating point.

Index Terms—Critical inductance, interleaving, voltage regu-
lator module.

T HE voltage regulator module (VRM) and microprocessor
system is shown in Fig. 1. The capacitorshown in the

figure represents the VRM output capacitors. During micropro-
cessor load transitions, the current flowing out of the capacitor
has a much faster current slew rate than the current flowing into
the capacitor. The two currents areand , as shown in the
figure.

The difference between the two currents causes unbalanced
charges that need to be provided by the VRM output capacitors,
as shown in Fig. 2. The VRM output voltage drops that occur
during transient responses are caused by this unbalanced charge.
It is just a function of capacitor discharging.

For the same VRM output capacitors, if the unbalanced
charges can be reduced, the VRM transient voltage drops can
also be reduced. The load transient magnitudeand the slew
rate of are determined by the application. The delay time

, shown in Fig. 2, is mainly due to the switching actions of
the VRM. For the same switching frequencies and interleaving
channels, the worst-case delay times are the same and will not
be discussed in this paper. To reduce the unbalanced charges,
either the slew rate of must be increased or the rise time
must be decreased.

In conventional VRMs, a single synchronous buck is used, as
shown in Fig. 3. The current is the inductor current. Due to
the steady-state ripple requirements, large inductances must be
used. The large inductances limit the speed of VRM transient
responses.
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Fig. 1. VRM and microprocessor system.

Fig. 2. Unbalanced charges during transient responses.

Fig. 3. Single synchronous buck VRM.

Fig. 4. Multichannel interleaving VRM.

Using the multichannel interleaving synchronous buck
topology shown in Fig. 4, the current ripples of can be
greatly reduced. This reduction allows the use of very small
inductances in the VRM, which improves transient responses.
Because of this advantage, multichannel interleaving is a
common practice in the VRM industry.

In and interleaving VRM, the channel current ( in
Fig. 4) still has large ripples because of the small inductance in
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Fig. 5. Small signal circuit model ofn-channel interleaving buck.

Fig. 6. Simplified small signal model ofn-channel interleaving buck.

each channel. The large current ripples cause extra conduction
and switching losses, which reduce converter efficiency. Mul-
tichannel interleaving of the VRM improves the transient re-
sponses, but at the expense of efficiency.

The inductance design in the interleaving VRM is a very im-
portant issue. The main purpose of this paper is to discuss the
effects of inductance on transient responses and efficiencies.
Smaller inductances results in low efficiencies, but do not nec-
essarily always improve transient responses. There exists an in-
ductance tradeoff point, the critical inductance, to give fast tran-
sient responses and high efficiencies. The transient response dis-
cussions in next section start with the small-signal model anal-
ysis.

I. AVERAGE CURRENT TRANSFERFUNCTIONS

The transient response analysis in this section is based on
the average model. Researches show that the small-signal
model of parallel/interleaving converters can be simplified as
a single converter with corresponding equivalent parameters
[1]–[3]. The small-signal model of an-channel interleaving
buck converter is equivalent to a single buck converter with
the inductance equal to of the channel inductance in the
interleaving buck. The results can be briefly explained as
follows:

Small signal perturbations are imposed to the switching nodes
of the interleaving VRM as shown in Fig. 5.

For constant input voltages, can be simplified as follows:

(1)

In voltage feedback control, the interleaving channels share
the same compensator. The duty cycle perturbation in different
channels can also be considered the same. For constant input
voltages, the small-signal perturbations in different channel are
the same and can be connected together. This makes the induc-
tors in each channel in parallel. The average model of Fig. 5 can
be simplified as Fig. 6, which is exactly the same average model
of a single buck converter. Thus, the small signal model of the
interleaving buck can be simplified to an equivalent single buck.

Fig. 7. Experimental measurement of control-to-output-voltage transfer
function from a four-channel interleaving buck.

Fig. 8. Control-to-output-voltage transfer function of interleaving buck based
on the simplified small signal model.

For symmetric channels, , the
equivalent inductance is as follows:

(2)

In order to verify the validity of the simplified small signal
model, the control-to-output-voltage transfer function of a four-
channel interleaving buck converter hardware is measured as
shown in Fig. 7. The inductance in each channel is 280 nH. Two
types of capacitors are paralleled for output. The total output
capacitance is 1.28 mF.

The bode plot of the corresponding transfer function based on
the simplified circuit model is shown in Fig. 8 for comparison.
The equivalent inductance is nH nH. The good
match between the measurements and the model verifies the va-
lidity of the simplified small signal model of interleaving buck.

Because the small signal model of interleaving buck can be
simplified to a single buck converter, the small-signal analysis
in this section is based on a single buck converter. The results
are also valid for interleaving buck converters.

For the buck converter shown in Fig. 2, how well the current
can follow the changes of determines the extent of the tran-

sient unbalanced charges. The current transfer function defined
in (3) describes how well follows :

(3)
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Fig. 9. Open-loop current transfer functionG (s).

Fig. 10. Step response of open-loop current transfer functionG (s).

where and are the perturbations added to the cur-
rents and , respectively. The parameters for the single syn-
chronous buck VRM are given in Fig. 3. The open-loop transfer
function of a buck VRM can be easily derived, as shown

(4)

This transfer function is only a function of the passive compo-
nent parameters: The duty cycle, load current and input voltage
do not affect it. If linear parameters are assumed, (4) is also valid
for the large-signal perturbations as long as the duty cycle is not
saturated. This linearity is only valid for the buck converter; it
may not be true for other topologies. For interleaving bucks, the
linearity is valid only when none of the channels has duty cycle
saturation.

The bode plot of is shown in Fig. 9. The corner fre-
quency in the plot, , represents the double poles of the power
stage.

The slew rate of is much faster than that of . For sim-
plicity, the average current of during transient responses can
be approximated as a step response of the transfer function of

. The normalized step response of in time domain
is shown in Fig. 10.

The waveform, which represents the inductor current, is close
to the step response of a typical under-damping second-order
system. The rise time (defined in Fig. 10) is the mismatch be-
tween and . The definition of the rise time is consistent
with the definition in Fig. 2. For simplicity, the average inductor

Fig. 11. Block diagram of buck converter.

current slew rate during the transient response can be approxi-
mated as follows:

(5)

The preceding analysis relates only to the open-loop transfer
function. In order to analyze the effect of the feedback control
on the inductor current responses, a closed-loop current transfer
function must be derived. The block diagram of a buck converter
with feedback control is shown in Fig. 11. The transfer functions
in the blocks are defined as follows.

Load current perturbation to inductor current.
Load current perturbation to output voltage, also
output impedance.
Input voltage perturbation to inductor current.
Input voltage perturbation to output voltage.
Control perturbation to inductor current.
Control perturbation to output voltage.
Voltage loop feedback compensator.

The closed-loop current transfer function can be easily de-
rived following the block diagram shown in Fig. 11. This paper
considers only the cases in which voltage loop feedback control
is used. With voltage feedback control, the closed-loop current
transfer function is as follows:

(6)

where is the duty-cycle-to-inductor-current transfer
function, is the transfer function of the compensator,
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Fig. 12. Transfer functions:G (s); G (s); andT (s).

is the converter output impedance and is the loop
gain, as shown in

(7)

is the duty-cycle-to-output-voltage transfer function and
is the gain of the compensator, as shown in Fig. 11.
The transfer functions involved in the closed-loop current

transfer function are , , , , and
. and represent the compensator, which is

linear. As illustrated in Fig. 11, and are deter-
mined only by the passive component parameters. and

include the input voltage and the passive parameters. In
the cases in which input voltages are fixed, and
are also linear. During load transient responses, the duty cycle
changes. Fortunately, the duty cycle change does not affect
the closed-loop current transfer function . As long as
the duty cycle is not saturated, the small-signal model transfer
function is also valid for large signal analysis.

The closed-loop current transfer function is affected by the
compensator and . The open-loop and closed-loop cur-
rent transfer functions, and and the loop gain

are shown in Fig. 12.
The closed-loop current transfer function has the same shape

as its open-loop counterpart unless the corner frequency reaches
, which is the feedback control bandwidth. The control band-

width is much higher than the power stage double poles. Be-
cause of this great increase in the corner frequency, the step
response of the closed-loop current transfer function becomes
much faster than that of the open-loop current transfer function,
as shown in Fig. 13. The rise time of the closed-loop step re-
sponse is much smaller than that of the open-loop step response.
The unbalanced charge area is greatly reduced. A much faster
transient response can be expected with feedback control.

For a nondamped second-order system, the rise time is one-
fourth of its resonant cycle. The relationship between rise time
and control bandwidth can be approximated as follows:

(8)

Fig. 13. Step responses of open-loop and closed-loop current transfer
functions.

Fig. 14. Rise time of closed-loop current transfer function.

For systems with light damping, the rise time is close to that
given in (8). But how close an approximation can the formula
give? In order to answer this question, a power stage designed
with different feedback crossover frequencies and different
phase margins is simulated. The rise times measured from
simulations and the rise times estimated from (8) are compared
in Fig. 14. For the phase margin in the range of 20–60 , the
errors between the two sets of results are below 5%, which is
considered to be a very accurate approximation. The agreement
between the two sets of results verifies the validity of (8).

As shown in Fig. 12, with the high bandwidth feedback con-
trol, the closed-loop current transfer function is not affected by
the power stage double poles. Thus, the rise time discussed in
(8) and Fig. 14 should be valid for different power stages. In
order to verify this, three power stages with different output fil-
ters are designed to compare the transient inductor current rise
time. The double pole frequencies of the three power stages are
14.4 K(rad/s), 21.8 K(rad/s), and 31.6 K(rad/s). The rise times
measured from simulations and those estimated from (8) are
compared in Fig. 15, which illustrates that (8) is an accurate
equation for a variety of power stages.

Based on the preceding analysis, the impact of voltage feed-
back control on inductor current rise time can be ascertained.
Within the phase margin range of 20–60 , the inductor cur-
rent rise time is inversely proportional to the control bandwidth
and is independent of the power stage parameters. The anal-
ysis in this section relates the VRM transient responses with the
small-signal models.
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Fig. 15. Closed-loop current rise time for different power stages.

Fig. 16. Explanation of average current slew rate from circuitry.

II. CRITICAL INDUCTANCE

From the analysis in Section II, the transient inductor average
current slew rate can be derived from (5) and (8)

(9)

The average current slew rate can also be derived from the
average model of a buck VRM, as shown in Fig. 16.

Assume the duty cycle has an increase of during the
transient response; the net voltage applied to the inductor is
( . The inductor average current slew rate during the
transient response can be derived as follows:

(10)

If the duty cycle is not saturated, (9) and (10) should be equal.
When (9) and (10) are equal, the duty cycle increase during the
transient response can be derived as follows:

(11)

For certain applications, and can be considered con-
stant. From (9), in order to increase the average current slew
rate, the control bandwidth needs to be designed as high as pos-
sible. For a fixed switching frequency, can also be considered
constant. In these cases, increases proportionally to the in-
crease in inductance.

This phenomenon can be explained as follows.
Consider two buck converters with the same output capacitor

but different inductances. Their open-loop current transfer func-
tions are shown in Fig. 17. The larger inductance has a lower
gain at frequencies beyond the corner frequencies. However, the
two power stages are designed to have the same control band-
width. The power stage with larger inductance requires larger
high frequency gain in the compensator to achieve the same loop

Fig. 17. Compensator gain for different inductances.

gain. Because the transient voltage variations at the output ca-
pacitors are the same for both power stages, the one with the
larger compensator gain results in larger transient duty cycle in-
creases.

Now, the inductance can be changed, while the control band-
width is kept constant in order to determine the impact on the
transient responses. The design starts with a very small induc-
tance. From (11), during the transient response is very
small. The duty cycle is not saturated. The average model in
the previous section is valid. The inductor average current slew
rate is determined in (9). As the inductance increases,also
increases. As long as the duty cycle is not saturated, the average
model analysis in the previous section is valid. The inductor av-
erage current slew rate is still determined in (9). For the same
control bandwidth, the transient voltage spikes are maintained.
When the inductance reaches a value such that the duty cycle is
close to saturation during the transient response, the inductance
is defined as the “critical inductance.” The critical inductance
can be calculated by letting in (11) equal

(12)

where is the maximum duty cycle increase during tran-
sient. Therefore

(13)

where is the maximum duty cycle. The duty cycle is con-
sidered saturated when it reaches .

If the inductance increases beyond the critical inductance, the
duty cycle becomes saturated at . The average model anal-
ysis is no longer valid. The inductor average current slew rate
cannot be maintained as in (9). The current slew rate is deter-
mined by (10). Because is constant during saturation, the
inductor current slew rate decreases as the inductance increases.
This results in the increase of the transient voltage spikes. The
impacts of the inductance on the VRM transient output voltage
spikes are shown in Fig. 18.

For all the data points in the figure, the control bandwidths
and the converter output capacitors are kept the same. The com-
pensators for the different inductances are different in order to
maintain the same bandwidth.

In conventional continuous conduction mode (CCM) syn-
chronous buck VRM designs, inductor currents usually have
10%–20% of peak-to-peak ripples at full load. Large induc-
tances are needed to achieve small current ripples. For CCM
designs, the duty cycle is saturated during transient responses.
The inductor current slew rate is limited by the inductance.
For the QSW design proposed by CPES in 1997, the inductor
peak-to-peak current ripple is designed to be twice of its
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Fig. 18. Inductance effects to step-up transient voltage spikes (constant! ).

dc value at full load. Very small inductances are used. The
duty cycle is not saturated during the transient response. The
transient responses are greatly improved. However, the small
inductances result in large current ripples in the MOSFETs,
which cause large conduction losses and turn-off losses in the
MOSFETs.

From Fig. 18, the critical inductance is the largest inductance
that gives the fastest transient responses. Compared with the
QSW design, critical inductance gives the same transient re-
sponses with smaller current ripples. Compared with conven-
tional design, critical inductance greatly improves the transient
responses.

The simulation results of the CCM, QSW and critical induc-
tance designs are compared in Fig. 19. For all the three de-
signs, two-channel interleaving is used. The input and output
voltages are 5 V and 2 V, respectively. The switching frequency
and control bandwidth are 300 kHz and 100 kHz, respectively.
The step-up load transient is 20 A.

The inductances for the three designs are nH,
nH and nH. Same output capaci-

tors are used for the three designs. The equivalent total output
capacitor in simulation is 1 mF with an ESR of 0.5 m. The
peak-to-peak currents in each channel are 20 A for QSW design,
4.8 A for critical inductance design, and 2 A for CCM design.
The QSW design has much larger root-mean-square (RMS) cur-
rent than the other two. The lowest efficiency is expected for the
QSW design. The transient voltage spikes at the output capaci-
tors are 33 mV for both the QSW and critical inductance designs
and 68 mV for the CCM design. Compared to the QSW design,
the critical inductance design is expected to have higher effi-
ciency while maintaining the same transient responses. Com-
pared to the CCM design, the critical inductance design gives
much faster transient response. The critical inductance design
results in a reasonable tradeoff between the steady-state effi-
ciency and transient responses.

The preceding discussion of the critical inductance is only
based on the load step-up transient responses. The step-down
transient responses also have a critical inductance defined for
the case in which the duty cycle is close to the minimum duty
cycle . The feedback control bandwidth is the same for
both step-up and step-down transient responses. The step down
critical inductance can still be obtained using (12). However,

needs to be rewritten as follows:

(14)

Because may not be the same for step-up and
step-down transient responses, the critical inductance for the

Fig. 19. Steady-state inductor current and transient output voltage waveforms
of different inductance designs.

Fig. 20. Inductance effects on transient voltage spikes.

two transient responses can be different. However, the min-
imum voltage spikes are the same because they are determined
by the control bandwidth. Both the step-up and step-down
transient voltage curves are shown in Fig. 20. The step-up and
step-down critical inductances are marked as and ,
respectively. The smaller of the two critical inductances is
defined as

(15)

When the inductance is smaller than , the duty cycle is
not saturated in either step-up or step-down transient response.
The transient response is determined by the control bandwidth,
which is the same for the two transient responses. The converter
has symmetric voltage spikes for both step-up and step-down
transient responses. When the inductance is larger than,
the duty cycle is saturated in at least one transient response.
The transient responses are no longer symmetric. Both the sym-
metric or asymmetric transient responses can happen in either 5
V or 12 V VRMs depending on the inductance.

The simulation results in Fig. 21 show that both the 5 V and
12 V VRMs can have symmetric or asymmetric transient re-
sponses. Another observation from the waveforms is that when
the transient responses are asymmetric, at least one of the tran-
sient voltage spikes is larger than the voltage spikes that occur
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Fig. 21. Symmetric and asymmetric transient responses.

Fig. 22. Comparison of critical inductance and QSW inductance.

with symmetric transient responses. This is clear from Fig. 20.
Of course, the asymmetry in 12 V VRMs is much more severe
than that occurs in 5 V VRMs.

The critical inductance is the largest inductance that
gives symmetric, fast transient responses. When the adaptive
reference voltage is used, the total output voltage variance is
the larger of the step-up and step-down transient voltage spikes.
Symmetric transient responses give smaller total output voltage
variance. In this case, symmetric transient responses are desir-
able.

The critical inductances and the QSW inductances
are compared in Fig. 22. Because the critical inductance is a
function of the control bandwidth, the different ratios between
switching frequency and control bandwidth give different
curves. The ratio is defined as follows:

(16)

Theoretically, for voltage feedback control, the average
small-signal model of an-channel interleaving buck converter
is accurate up to of the switching frequency, which is

-time higher than the single channel converter [2]. However,
due to the noise and current sharing problems, it is not practical
to design control bandwidth higher than half the switching
frequency. Moreover, if current feedback control is used, the
theoretical control bandwidth is reduced to the same as a single
converter. Thus, between 3 and 5 is an aggressive design
range for feedback control bandwidth.

Fig. 23. Efficiency comparison of different inductance designs.

Fig. 24. Control bandwidth effects on transient voltage spikes.

Fig. 25. Load current effects on transient voltage spikes.

Since the critical inductance is larger than the QSW induc-
tance, it would result in better efficiency in the converter. A syn-
chronous buck converter is built for an efficiency comparison of
different inductances. The input and output voltage of the cir-
cuit are 5 V and 2 V, respectively. The switching frequency is
500 kHz. Full load output current is 11 A. The QSW inductance
is 110 nH. The critical inductance is 270 nH for and
460 nH for . Inductances of 100 nH, 240 nH, 470 nH,
and 1000 nH are selected for the experiments: The first one rep-
resents the QSW design; the second and third ones represent the
critical inductance designs; and the fourth inductance is to show
how much the efficiency can be improved by further increasing
the inductance. The MOSFETs used in the circuits are Hitachi’s
HAT2064Rs and their drivers are HIP6601s from Intersil. The
inductors used are IHLP series from Vishay. The experimental
results are shown in Fig. 23.

The critical inductance designs have much higher efficiency
than the QSW design. Further increase of the inductance does
not significantly improve efficiency, but it does slow down the
transient responses. In this sense, the critical inductance is a
good design tradeoff between the efficiency and transient re-
sponse for VRMs.

From (12), the critical inductance is a function of both control
bandwidth and load current step magnitude. With the increase of
control bandwidth, the critical inductance decreases. The min-
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imum voltage spike decreases, too. A larger current step magni-
tude results in smaller critical inductance and larger minimum
voltage spikes. The effects of control bandwidth and current step
magnitude on transient voltage spikes are shown in Figs. 24 and
25, respectively [4]–[7].

III. CONCLUSION

This paper presents the concept of critical inductance in VRM
design. The critical inductance is defined at the point at which
the duty cycle is close to saturation during transient responses.
The critical inductance is the largest inductance that gives the
fastest transient responses; It is a function of control bandwidth
and load current step magnitude.

Both step-up and step-down transient responses have a
corresponding critical inductance. Inductances smaller than the
lesser of the two critical inductances give symmetric step-up
and step-down transient responses. The transient voltage spikes
in symmetric transient responses are smaller than those in
asymmetric transient responses.
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